O'Neill introduced a notion of Riemannian submersion [7] . In this paper we give a new notion of semi-Riemannian submersion and want to investigate some geometric properties concerned with sectional and Ricci curvatures of this submersion.
Introduction
The theory of Riemannian submersion was firstly introduced by O'Neill ( [7] ) and its geometric properties have been studied by many differential geometers (Besse [1] , Escobales Jr. [2] , [3] , Gray [4] , Magid [5] , Nakagawa and Takagi [6] , and Takagi and Yorozu [11] ). In this paper we introduce a new notion of a semiRiemannian submersion which is more general than the notion of Riemannian submersion and want to investigate its geometric properties.
The main purpose of section 2 is to give the notion of semi-Riemannian submersion which contains the concepts of both Riemannian and indefinite Riemannian (or said to be pseudo-Riemannian) submersions and to construct some fundamental formulas for this submersion.
In section 3 we will give a typical example of semi-Riemannian submersion of pseudo-hyperbolic space H% +n . Now in section 4 the sectional curvature of semi-Riemannian submersion will be defined and the sufficient conditions for the horizontal distribution 22)// of the minimal semi-Riemannian submersion to be totally geodesic and integrable will be studied in terms of sectional curvature.
Finally, in section 5 we also define the notion of Ricci curvature of the semiRiemannian submersion and want to investigate some geometric properties for the horizontal distribution 2)// of the minimal semi-Riemannian submersion to be totally geodesic and integrable in terms of Ricci curvature. Moreover, we will give another example of minimal semi-Riemannian submersion which is not totally geodesic.
Preliminaries
Let M be an (m + rc)-dimensional connected semi-Riemannian manifold of index r + ^(0 < r < m, 0 < s < n), which is denoted by M?£ n and let B be an rcdimensional connected semi-Riemannian manifold of index s, which is denoted by B". A semi-Riemannian submersion π\ M -» B is a submersion of semiRiemannian manifolds M and B such that (1) The fiber π~x{b), b E B, are semi-Riemannian submanifolds of M.
(2) The differential dπ of π preserves scalar products of vectors normal to fibers. For a semi-Riemannian submersion π: M -» B vectors tangent to fibers are said to be vertical and those normal to fibers are said to be horizontal. Any vector field X on M can be decomposed as
where X' (resp. JΓ) denotes a vertical (resp. horizontal) part of X. We define two tensors T and A of type (1, 2) on M by We choose a local field e l5 ..., e m+n of orthonormal frames adapted to the semi-Riemannian metric of M in such a way that, restricted to the fiber r~1(δ), b E B, e l9 ..., e m is a local field of orthonormal frames adapted to a semi-Riemannian metric of π~x{b) induced from that on the semi-Riemannian manifold M. The following convention on the range of indices will be used throughout this paper:
where m denotes the dimension of fibers. The summation Σ is taken over all repeated indices, unless otherwise stated. Then we have < e A , e B > = ε A δ AB , where <, > denotes the scalar product on M. The dual coframe field is denoted by {ω A }. The connection form ω AB are characterized by the structure equations of M: Moreover, by the exterior derivatives of (2.6) and by means of (2.2), (2.3) and (2.10)-(2.14), we have
Next, by virtue of (2.2), (2.3) and (2.10) we have the Ricci formulas for the second covariant derivatives of h as the following On the other hand, complex structures /: w ^w, /: HΊ-^/V and A': w *-> kw in Γ^ is compatible with the action of //^-i and induce almost complex structures /, / and K on //?_! j fi Γ such that dπ°i = I°dπ, dπ°j = J°dπ and dπ°λ; = K °dπ. Thus //?_! ϋΓ is a pseudo-hyperbolic space over K of constant holomoφhic sectional curvature -4 and it is seen that the principal /f^Ii-bundle H^^1 over H?_j # with projection jris a semi-Riemannian submersion with the fundamental tensors /, / and K. A distribution 2) determined by the subspace spanned by iz, jz and kz at any point z is integrable. In fact, we have 
Sectional curvatures
Let M = M?!f s n be an (m + rc)-dimensional semi-Riemannian manifold of index r + s and B = B" be an n-dimensional semi-Riemannian manifold of index s. We denote by P D and P/ the set of all definite plane sections and all nondegenerate plane sections, respectively. For any non-degenerate plane section P f the sectional curvature is denoted by K(Pj). Let πT M -> B be a semi-Riemannian submersion. Then we have by means of (2.8), (2.11), (2.13) and (2.16). Assume that the semi-Riemannian submersion π: M -» B is minimal. Then it is easily seen that we have from which the following is derived. Since the left hand side and the first two terms of the right hand side are symmetric with respect to indices αrand β and the last one is skew-symmetric, we have If it is totally geodesic, the mixed sectional curvature K(U, X) is always non-positive, where U (resp. X) is a vertical vector (resp. a horizontal vector).
Now, an m-dimensional semi-Riemannian manifold of index r and of constant curvature c is called a semi-Riemannian space form, which is denoted by M™(c).
Let π\ M^n{c) -» B n be a minimal semi-Riemannian submersion. We denote by 5 the square of the length of the second fundamental form of the fiber, that is, S = Σε i ε i εJιφι*=Σh$t* 9 because of ε t =-I and ε a =l. Then by (4.2) we obtain 
S = Σ

(c) -> B n be a semi-Riemannian submersion. If the submersion is minimal and ifc<0, then S < -mnc, where the equality holds if and only if the horizontal distribution is integrable.
Thus we can prove the following: 
Ricci curvatures
Let M be an (m + n)-dimensional semi-Riemannian manifold of index r + s (r, s > 0) and B be an n-dimensional semi-Riemannian manifold of index s. Let π: M -» B be a semi-Riemannian submersion. We choose a local field {e A } of orthonormal frames, restricted to the fiber π~x{b), b E B, {e 7 } is a local field of orthonormal frames of π~λ{b). By means of the semi-Riemannian submersion, {e'a=dπ(e a )} is a local field of orthonormal frames on B. The dual coframe field is denoted by {ω'^} on B with respect to {e" a }. It is easily seen that we get Taking account of (2.6), (5.6) and (5.7) we can easily obtain Proof. By the assumption of the semi-Riemannian submersion we have Ej•= -1, which implies that (5.11) is equivalent to Raββa ~ Kββa = ^Σ^^cφ ^ 0.
Since the sectional curvature of the plane section spanned by e a and eβ (resp. dπe a and dπeβ) is given by Proof By the assumption of codimension we have dim B = l and each fiber is a space-like hypersurface, which implies that B is time-like. The assumption for the strongly energy condition means that the Ricci tensor Ric(e α ) = Ric^, e a ) in the direction of the time-like vector e a of M satisfies Ric(eα) = R aa ^ 0, where oc-mΛ-1.
On the other hand, (4.2) is reformed as R aa = -Σhf k hf k -Σ^Λίη, ^ 0, because of ε y = l and ε a =-1. Thus, by the strongly energy condition, the equality holds and hence we have ft// = 0 for any indices.
• Remark 2. Let M be a compact Riemannian manifold whose Ricci curvature is positive semi-definite. It is proved by Oshikiri [9] that if a foliation (M, g, SP) of codimension one is minimal, then SF is totally geodesic and the metric g is bundle-like.
Next we study the Ricci curvature and the Einstein condition for the semiRiemannian submersions. Since the fibers are submanifolds of the total space Af, the Riemannian curvature tensor R 1 satisfies the Gauss equation where ε y = -1, ε α = 1 (resp. ε y = 1, ε a = -1). Also, let B -B n (resp. B^) be an ndimensional Riemannian (resp. semi-Riemannian) manifold defined by B = {ytΞ R»:g" = (g^), fo = ej a 2 (y)6^}. 
